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Classic coalescent processes
We first review two classical coalescent models in
population dynamics. They can be seen as general-
izations of the Kingman’s coalescent where either
the population is panmitic (its size changes in time
and there is no structure) and the structured pop-
ulation models (with constant population size).
Panmitic models
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The size of a population
N(t) changes according to
a function λ:

N(⌈Nt⌉)
N(0) → λ(t), (1)

T2 is the coalescence time
of two genes sampled in the
population. Then,

P[T2 > t] = exp
{

−
∫ t

0

1
λ(s)ds

}
.

From this formula, the Inverse Instantaneous Co-
alescent Rate (IICR) [4] is defined as:

IICR(t) = P[T2 > t]/fT2(t).

Under panmixia the IICR function is exactly the
population size change function λ.
Structured models (with constant pop. size)
- the population is split in islands,
- individuals can migrate among the is-
lands and they coalesce when they are in
the same island.
- the time until the coalescence is given
by the absorbing time of an homogeneous
continuous-time Markov chain.
A particular case: n-island model
The population is divided in n sym-
metric islands with ρN individuals
each. With the same rate M , the in-
dividuals migrate among the islands.
The coalescence time T2, is the ab-
sorption time of the Markov chain
with Q-matrix

Q =

 −(M + 1/ρ) M 1/ρ
M

n−1 − M
n−1 0

0 0 0

 . (2)

In a model with population structure, the IICR can
be unrelated to the population size, see e.g. [2].

Main goal
We want to define simple-enough models integrat-
ing structured population and size change, to ex-
plore the relation between their IICR functions and
the real population size change.

Strong and weak migration
The population is split in islands and its size changes according to a function λ as in (1).
Strong migration: a fixed number M > 0 of individuals (independent on λ) migrate each generation.
The infinitesimal migration rate at time t is M/λ(t).
Weak migration: a variable quantity Mλ(t) > 0 of individuals (depending on λ) migrate each generation.
The infinitesimal migration rate at time t is M .
T2 is now the absorption time of an in-homogeneous Markov chain, with rate matrix (Qt)t≥0.
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Nb. of migrants M λ(t)M
Prop. of migrants M/(λ(t)N) M/N
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In general, the distribution of T2 is computed using the Kolmogorov forward equation: d

dt Pt = PtQt.
For the strong migration case, the IICR function simplifies to IICRSM(t) = λ(t) · IICRQ

(∫ t

0
du

λ(u)

)
.

Numerical examples
Single step population size change: λ(t) = 1[0,T )(t) + α1[T,∞)(t)

The migration rate
is M = 9 and the
number of islands
is n = 10. Also,
α = 10.94 and
T = 0.1.
See [3].

The migration rate
is M = 0.5 and
the number of is-
lands is n = 43.
Also, α = 125.91
and T = 4.
See [3].

Linear growth: λ(t) = 1 + t

The migration rate
is M = 0.5 and the
number of islands
is n = 5.

Exponential growth: λ(t) = e−t

The migration rate
is M = 0.5 and the
number of islands
is n = 5.

The IICR of structured populations with size change behave differently under weak and strong migration.
Note that an exponential growth and weak migration produce an IICR with a plateau unrelated to λ.

Discussion
- the IICR of structured model can behave completely differently to the real population size
- the weak and strong migration hypothesis produce different IICR function behaviors under the same structure
and the same population size change
- demographic inference on these models is challenging
- this is a work in progress, future work should include the study of more realistic scenarios [1, 5, 6]
The Notebook for generating the plots:
www.github.com/JosueCorujo/structured_pop_with_size_change
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